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Abstract. In this paper, a general integral identity for differentiable mapping is de-
rived. Then, we extend some estimates of the right hand and left hand side of a Hermite-
Hadamard-Fejér type inequality for functions whose first derivatives absolute values are
convex. Some applications for special means of real numbers are also provided. The
results presented here would provide extensions of those given in earlier works.
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1. Introduction

The following inequality is well known in the literature as the Hermite-Hadamard
integral inequality (see, [2], [6]):

(1.1) f(a;b>§bia/abf(m)dxgw

where f: I C R — R is a convex function on the interval I of real numbers and
a,b e I with a <b.

The inequalities (1.1) have grown into a significant pillar for mathematical
analysis and optimization, besides, by looking into a variety of settings, these
inequalities are found to have a number of uses. What is more, for a specific
choice of the function f, many inequalities with special means are obtainable.
Hermite Hadamard’s inequality (1.1), for example, is significant in its rich ge-
ometry and hence there are many studies on it to demonstrate its new proofs,
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refinements, extensions and generalizations. You can check ([1], [2], [6], [5] and
[11]) and the references included there.

In [1], Dragomir and Agarwal proved the following results connected with
the right part of (1.1).

Lemma 1. Let f : I° C R — R be a differentiable mapping on 1°, a,b € I°
with a < b. If f' € Lla,b], then the following equality holds:

1
12 £ );f _a/ o Ca—2rtar @ - opa

Theorem 1. Let f: I° C R — R be a differentiable mapping on I°, a,b € I°
with a < b. If |f'| is convex on [a,b], then the following inequality holds:

f(a +f
(1.3) ’ _a/f dwi

Theorem 2. Let f: I° C R — R be a differentiable mapping on I°, a,b € I°
with a < b, f' € L(a,b) and p > 1. If the mapping |f’|p/(p71) is convex on [a, b,
then the following inequality holds:

D (@) + | @)

fla +f
‘ a/ f(x)dx
b—a |f/(a)|p/(l)—1) + |f/(b)|p/(p_1) (p—1)/p
(1.4) 2p + 1)1/p ( 5 ) |

In [5], Kirmac: proved the following results connected with the left part of
(1.1).

Lemma 2. Let f : I° C R — R be a differentiable mapping on I°, a,b € I°
with a < b. If f' € L(a,b), then we have

Q/ff(@ds—f(";b)

=(b—a) [/2 tf'(ta+ (1 —t)b)dt + /1(t — 1) f'(ta+ (1 —t)b)dt| .

0 2

=

Theorem 3. Let f: I° C R — R be a differentiable mapping on I°, a,b € I°
with a < b. If | f'| is convez on [a,b], then we have

(1.5) /f )ds — f <a+b>‘ LU @]+ ®)]) -

The most well-known inequalities related to the integral mean of a convex
function are the Hermite Hadamard inequalities or its weighted versions, the
so-called Hermite-Hadamard-Fejér inequalities (see, [7, 16]). In [3], Fejer gave a
weighted generalizatinon of the inequalities (1.1) as the following:
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Theorem 4. f: [a,b] — R, be a convex function, then the inequality

(1.6) f<“+b>/ 2)dz < _a/ f@ < fla );f()/a w(z)dz

holds, where w : [a,b] — R is nonnegative, integrable, and symmetric about
atb
5

xr =
In [7], some inequalities of Hermite-Hadamard-Fejer type for differentiable

convex mappings were proved using the following lemma.

Lemma 3. Let f : I° C R — R be a differentiable mapping on 1°, a,b € I°
with a < b, and w : [a,b] — [0,00) be a differentiable mapping. If f' € Lla,b],
then the following equality holds:

f();f()/ /f

—a)? !
_ 5 ) /0 p(t) f'(ta+ (1 — t)b)dt

(1.7)

for each t € [0, 1], where

1 t
p(t) = /t w(as + (1 — s)b)ds — /0 w(as + (1 — s)b)ds.

In this article, using functions whose derivatives absolute values are con-
vex, we obtained new inequalities of Hermite-Hadamard-Fejer type. The results
presented here would provide extensions of those given in earlier works.

2. Main results

In order to prove our main results, we need the following lemma:

Lemma 4. Let f: I° CR — R be a differentiable mapping on I°, a,b € I°
with a < b and let g : [a,b] = R. If f',g € L[a,b], then for all x € [a,b], the
following identity holds:

/a "Py(at) (1) dt
21)  =(1-Nf() / " (s)ds + 2 [f (a) / " g(s)ds + £ () / bg(s)ds]
- [t sas

where

(1—)\)/tg(s)ds+)\ tg(s)d,s a<t<uwx
P)\(l’,t):: a x
(1=2)
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for A €]0,1].
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Proof. By integration by parts, we have the following identity:

/pA £) dt
/a [(1—/\)/t (s)ds—l—)\/:g(s)ds} £ (t) dt
+/: {(1_A)/btg(s)dsm/;g(s)ds} f'(t)at
= [(1_)\)/atg(s)der)\/;g(s)ds}f(t)z

b
b x
:=u—wf@q/g@ww+xﬂ@/‘¢@w

a a

b b
44“@/9@%—/9®ﬂ$®

This completes the proof. O

Remark 1. Under the same assumptions of Lemma 4 with A = 1; then the
following identity holds:

Ka@ﬁf@ﬁzlﬁfw@ﬂfww
:aﬂ@[fm@@+fwyfhwm&—Lﬁwv«ﬂ%

which is proved by Tseng et. al in [11].

Remark 2. Under the same assumptions of Lemma 4 with A = 0; then the
following identity holds:

/PO (x,t) f(t)dt = / (/atg(s)ds>f’(t)dt—/:(/fg(s)ds)f’(t)dt
b b
=ﬂ@Lg@®—Ag@ﬂ@%

which is proved by Sarikaya and Erden in [8].

Remark 3. In Lemma 4, let g be symmetric to ‘”‘b and let x = “T‘H’ Then (2.1)
can be written as

(2.2) /abpA <“‘2”7,t) f’(t)dt:(l—)\)f<a;b> /abg(s)ds

a b b
—i—)\f();_f(b)/a g(s)ds—/a g(s)f (s)ds.
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Using this Lemma we can obtain the following general integral inequalities:

Theorem 5. Let f: I° C R — R be a differentiable mapping on I°, a,b € I°
with a < b and let g : [a,b] — R be continuous on [a,b]. If |f'| is convex on
[a,b], then, for all x € [a,b], the following inequalities hold:

@@\ﬂ—»ﬂ@é%@@—é%@ﬂﬁw

s @ [ owas 10 [ o

< @) 0 - 0 (1 N6 0 20) + A @ 20 2)
~Nf O @ - o]
191l 28] 00 :
69(b[ ;b];) (=N @] -2
+‘f’ | _ )2((1_)\)(b_ga+2x)+)\(2b—3a+m))}
- !69(!bab] {‘f )| (2 —a)? (1= X) (3b— a— 22) + A (3b — 2a — )

Hf @] 2= b—2)®+ [ B)] 2= (x—a)
+\f’(b)|(b—x)2((1—A)(b—3a+2x)+A(2b—3a+x))}.

where A € [0,1] and [lg] o) 00 = SUPscias) [9(5)].

Proof. We take absolute of (2.1). Using bounded of the mapping g and the
convexity of |f’|, we find that

b

\(1 ~Nf@) [ gls)ds - / " (s)F(s)ds + A [f(a) / " o(s)ds + F(b) / bg(s)ds}

< ["im ol ol

< [(a=n| [ sas|+a] [awas]) 7 ((=tas =4
+/;((1—A) /btg(s)ds /xtg(s)ds> f’<£:2 +iz Zb)
<lolasyoe [ 10 =N =0+ 26 =0] (=L | @]+ ;=2 |7 O )t
+ gl /b[<1—A><b—t>+A<t—x>1(b‘t|f’<a>|+t‘“\f/<b>\)dt

\gH[axoo[ N7 (a ‘/ (t—a)(—t)dt+ (1 —N)|f (b \/ (t — a)?

+A

f’(b_tath_ab)‘dt

+ A dt
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+A|f (a) \/x (x—t)(b—t)dt+X|f (b \/x (x—1) t—a)dt]

”g”“] [ NITAC ]/ b—t)2dt+(1—A) |/ (b ]/ b—1)(t—a)d

+A|f a‘/x (t—x)(b—t)dt+\|f b)\/x (t—2) (t—a)dt].

Since
/x(t—a)(b—t)d _(z—a) (3§—a—2m)
x B (x B a)3
/a (t=a) ="
/x(a:—t)(b—t)dt (z —a) (32—2(1_;3)
x - (x B a)3
/a (& =) (t—a)dt = =
and
b b 2
/x (b0 d 3
b ~ (b—2)"(b—3a+2x)
/x<b t) (t —a)dt = .
/b (t B :B) (b t) gt (b —61')3
b —(b_x)2(25—3a—|-x)
/r(t—l”)(t—a)dt_ 2 |
we obtain (2.3). Hence, this completes the proof. -

Remark 4. Under the same assumptions of Theorem 5 with A = 1; then the
following inequality holds:

T b b
]f(a) [ o5 0) [ atras— [ g5 s)ds
_ N9llja)0c [!f’ (a)] (= — a)* (3b— 2a —x) + | /' ()| (= — a>3]

- (b—a) 6
N9l [If’ (@) (b =) + 1 (5)] (b — 2)* (2b— 3a + x)
(b—a) 6

g|(|sg(|lfab {17 @] [~ a)* 3~ 20— ) + (b~ 2)°]
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+ | ) [(b—x)2 (2b— 3a+2) + (2 — a)ﬂ}
which is proved by Tseng et. al in [11].

Remark 5. Under the same assumptions of Theorem 5 with A = 0; then the
following identity holds:

b b
1@ [Catas— [ ato)s o)
< 191100 [If’ (@)l (z — ) (3b — a —2z) +2|f'(b)| <w—a>3]

- (b—a) 6

N9l !2 1/ (a)] (b= 2)° + |f" (0)] (b— 2)* (b — 3a + 22)
(b—a) 6

- |gg(”[ab1 {1/ @] [z = @) 3b— a = 22) +2.(b - 2"

1 ®)] [0 - ) (b—3a+22)] +2(2— )}
which is proved by Sarikaya and Erden in [8].

Corollary 1. Let 0 < a <1 and z = aa + (1 — )b in Theorem 5. Then we
have

b aa+(1—a)b
(2.4) (1=X) f(aa+(1— a)b)/ g(s)ds + Af (a)/ g(s)ds

b

b
O [ g [ ) as
a)2<,f,(b)‘<2 N (1-a)

< HgH[a,aa—i-(l—a)b],oo (b 6

—« 2 — o (6%
+f @) E R B B D AE )]>
— a3
+ 19/l pat1-a)p.b).00 <}f (a)] & 6)\)
NI [(1—)\)(3—6204)—1-)\( —a)]>

< HgH[a,b},oo (b - a)Q

—a)?[(1 - o o -A)a?
X{’f,(a”u 2 [(1—A) (2 +1)6+)\(2+ )+ (2= A)

+ |/ ()]

a2[(1—)\)(3—2a)+)\(3—a)]+(2—)\)(1—a)3}
6
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for A € [0,1].
Remark 6. If we take A =1 in (2.4), we get

aa+(1—a)b b b
'f(a) / o(s)ds + £ () / o(s)ds — / o(s) (s) ds

a+(1—a)b

"(b)| (1 — 3 / 1 — 2 9

< ol es o b — [\f () (1-a) +!f6(a)|( ) (2+ )
! 3 (b 2 3_

+ 19l e+ (1t o0 (0 — @) ['f @le? +1f Bl a)]

< ”g| [a,b],00 (b - G)2
(f’ (@] (1= ) 2+0a) +0®] +|f ()] [a® (3= a) + (1 - a)ﬂ)
X

6

which is proved by Tseng et. al in [11].

Using Theorem 5, we have the following corollary which are connected with
the right-hand and left-hand side of Fejér inequality (1.6).

Corollary 2. Let g : [a.b] — R be symmetric to CLTH’ and oo = % in Corollary 1.
Then we have the inequalities

a-n7 (50 [aeas
(2.5) BYACLFAU) / " o(s)ds — / " ()] (5) ds

2
<ol ege) o 0= 0 (55217 @+ 257 |7 0]

2— A\ 44 X

2

Flalage e 0 - 0 (257 17 @)+ S50 17 0]
 N9lla 00 (b = a)? (If ()| + |f' (0)])
- 8

which is "weighted trapezoid” inequality provided that |f'| is convexr on [a,b) .

Remark 7. If we take A = 1 in (2.5), we obtain

LRI /a”g@ds_ / " g(s)f (s) ds

< O 517 @)+ 11 O ol o0,
(b_a)2 / !
I (I @[ +5f ®)]) llgllese 4] o0

_a2 "(a /
< a7 (f (8)|+|f ®)]) 19010500

_|_
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which is proved by Tseng et. al in [11].
Remark 8. If we take A =0 in (2.5), we get

)f<“+b>/a (S)ds—/:g(S)f(S)ds

(b—a)*

<

@[ @]+ | ®)]) ll9ll[q, 2421 o0

L (b—ay

(I @[ +2| ®)]) llglles 4 00

—a 2 "(a /
< a7 (f ;)|+|f ®)1) 19000

which is ” weighted midpoint” inequality provided that |f’| is convex on [a,b].

Corollary 3. If we take g(t) =1 in (2.5), we have

(2.6) ‘u—»f<“;é>@—@+Af(%“f ‘/f

2
(b—a)*
48
(b—a)” N 44N |1 (b
L (@-NIf @]+t o))
_ b=a* (f @] +1f ®)
—_— 8 .
Remark 9. If we choose A = 1 in (2.6), then the inequality (2.6) reduces to
(1.3).
Remark 10. If we choose A = 0 in (2.6), then the inequality (2.6) reduces to
(1.5).
Theorem 6. Let f : I° C R — R be a differentiable mapping on I° and let
'€ La,bl, a,b € I° with a < b, and let g : [a,b] — R be continuous on [a,b]. If
|f'|* is convex on [a,b], ¢ > 1, then for all x € [a,b], the following inequalities
hold: for A € [0,1]\ {5}

< (A+N[f @]+ =N )]

_l’_

'(1 N s [ " g(s)ds + ALf (@) / " g(5)ds + £ () / bg(s)ds]
@7 - / " (s)f (s)ds

(1,)\)p+17)\p+1 v B
S( CESEEYY ) (b=a)

/ q / b q %
" [If (a)] -2Hf (b)] } 19010

Q=

[(x —a)P™ 4+ (b— x)pH] ,




SAMET ERDEN, MEHMET ZEKI SARIKAYA 464
_1
and for A = 3

]f S g(s)ds+ & 1@ oo [ bg(s)ds] -/ " g()f (5)ds

_ l9lla .00 (b — @) [!f’()l“rlf/(b)lq
2 2

] a (@ — a)P*' + (b— x)p+1}%

where L +1 =1 and ||gl, = supaciay l9(5)] -

Proof. We take absolute value of (2.1). Using Holder’s inequality and the

convexity of ’ 1 () q, we find that

b

\(1 - [ " (s)ds + 2 [f<a> / " g(s)ds + £(b) | ats >ds] -/ " o(s)F(s)ds

sLb|PA<x,t>||f'<t>\dts(/abrmx,t)rpdt)‘l’(/ 7 at)
< ([ [ o [ grs|

dt
+/: (1—)\)/btg(s)ds—i—)\/:g(s)dspdt>;

x (/b [5__2 17 (@) + 2:72 r (b)ﬂ dt>;

o (7 A CEP R

Q=

P

b
+ 119117, 41,00 / [(1=X)(b—1t)+ At —z) dt>

x (b= a)s ['f'(a)q;!f’ (b)yq]é.

Now, we make change of variable

1=N(t—a)+Nz—t)=u dt =2
(2.8)

1=NOb—t)+AXt—2)=0v  dt =2

From (2.8), it follows that

\(1 —Nf () / " (s)ds + 2 [f(a) / " o(s)ds + £(b) / bg(s)ds] - / " g(s)F(s)ds




ON GENERALIZED SOME INEQUALITIES FOR CONVEX FUNCTIONS 465

((1 - )\)p+1 — )\t

(p+ 1)(1—2N) )p (1911, 4y oo (2 = @+ lgI1 o (6 — 21

LTI (@) + [ ()]0

<o [T
_ p+1 p+1 1
((1(1)4—)\)1)( _;\)\) ) 91l14,5],00 [(x_a)pH-F(b—x)PHP

x (b—a)s [‘f'( >|q;|f’(b)|q]é

we obtain the inequality (2.7).

For A =

convexity of ’ f

‘f(;) /abg(S)ds—k; [f(a)/amg(S)derf( )/b (s )ds] —/bg(s)f(s)ds

g/ab‘P;(q:,t)“f’(t)‘dtg(/ ‘Pl xt dt> </ |f(t ]th>

Si(wmﬂmlﬂuw+WMﬁ+wm%wéubw )
-t [0

because of Lemma 4, and using Holder’s inequality and the
q, we find that

2?

=

p

2

Hence, the proof is completed. O

Remark 11. Under the same assumptions of Theorem 6 with A = 1; then the
following inequality holds:

\ﬂ@l%@m+f@é%@@—£%@ﬂ@@

HgH[ab (b—a)E [(xfa)p"'lJr(b—x)p—i_l]%
(p+1)»
X [|f’(a)|q+\f'(b)|qr
2

which is proved by Tseng et. al in [11].
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Corollary 4. Under the same assumptions of Theorem 6 with X = 0; then the
following inequality holds:

’ﬂ@l%@$—£%@ﬂﬁw

IN
—~
S
|
S
~—

Y= R

R [(x — )Pt 4+ (b— :c)pﬂ]%

5)
_|_
=

! q !/ b q %
" [If (a)] —2F|f (0)] ] 1900

which is "weighted Ostrowski” inequality provided that | f'|? is convez on [a, b).

Corollary 5. Let 0 < a <1 and z = aa + (1 — a)b in Theorem 6. Then we

have
b aa+(1—a)b
(2.9) (1=X) f(aa+(1— a)b)/ g(s)ds + \f (a)/ g(s)ds
b b
SO [ s [ ) as
(1_)\)p+1_)‘p+1 z 2 P P+
<(Tprbacmy) - l-arver
" [|f’ (a)] -2Hf' (b)] r .
for A €[0,1].

Remark 12. If we take A = 1 in (2.9), we get

aa+(1—a)b b b
ﬂ@/ g@w+f@/ g@w—/g@ﬂ@w

a+(1—a)b

< O [t g o [LOLES O

(p+1)7 2 ] ot

which is proved by Tseng et. al in [11].

Using Theorem 6, we have the following corollary which are connected with
the right-hand and left-hand side of Fejér inequality (1.6).

Corollary 6. Let g : [a.b] — R be symmetric to “TH’ and o = 5 in Corollary 5.
Then we have the inequality

a b a b b
210) @ =075 [Catas A HOTIO [oyas [ o050

(1= NP = XN (b= a)? [|f (@) + | (b)]"] 0
< (s ) S [ O g
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Remark 13 (weighted trapezoid). If we take A = 1 in (2.10), we obtain

LERIL /a”g<s>ds_ / " g(s)f (s) ds

(b—a)® TIf (@) +1f ()
< 2(p+1)% [ B } ||9H[a,b},oo

which is proved by Tseng et. al in [11].

Remark 14. If we take A = 0 in (2.10), we get

’f(C”*b)/a <s>ds—/abg<s>f<s>ds

b—a)® [If @]"+ 1 ()
< 2(p+1)% [ 9 } HgH[a,b],oo

which is ”weighted midpoint” inequality provided that | f’|

and f’ € L(a,b) where p > 1.

is convex on [a, b]

Corollary 7. If we take g (t) =1 in (2.10), we have

(2.11) ‘(1—A)f<a—2i_b>(b_a)+)\f()‘2f‘f /f

S((l(p—ﬁ;z:;:l)ﬂ o Lt >\q;rf'< }

Remark 15. If we choose A =1 in (2.11), then the inequality (2.11) reduces to
(1.4).
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